Inflationary models and

the recent observations

Main reference: Phys. Rev. D 90, 023525 (2014)
[arXiv:1404.4311 [gr-qgc]]

2nd International Workshop on Particle Physics and
Cosmology after Higgs and Planck

NCTS, Hsmchu and Fo-Guang-Shan, Kaohsiung, Taiwan

Presenter: Kazuharu Bamba (LGSPC, Ochanomizu University)

Collaborators: GUIAO Cognola (Dep. of Phys., Trento University)
Sergel D. Odintsov (ICE/CSIC-IEEC and ICREA)
Sergio Zerbini (Dep. of Phys., Trento University)



Contents

|. Introduction

1. Model

[1l. Quantum equivalence

V. Stability Issue

V. Conclusions



|. Introduction

Planck satellite

- Spectral index of power spectrum of
the curvature perturbations

ns = 0.9603 -

- 0.0073 (95% CL)

- Running of the spectral index
as = —0.0134 4+ 0.0090 (68% CL)

- Tensor-to-scalar ratio

r < 0.11 (95

% CL)

[Ade et al. [Planck Collaboration], arXiv:1303.5076; arXiv:1303.5082]



Planck results
" 0.002 R? Inflation

Planck+WP+BAO
Planck+WP+highL
Planck+WP
Natural Inflation

Hilltop quartic model
Power law inflation
Low scale SSB SUSY

R? Inflation

V x ¢?

V x ¢?/3
V x o
V x ¢3

N,=50
N,=60

0.94 ® 0.06 : 0.98 1.00

From [Ade et al. [Planck Collaboration],
TS arXiv:1303.5082].



BICEP2 experiment

r =0.207505 (68% CL)

[Ade et al. [BICEP2 Collaboration], Phys. Rev. Lett. 112, 241101 (2014) ]

Cf. [Ade et al. [Planck Collaboration], arXiv:1405.0871 [astro-ph.GA]]
[Ade et al. [Planck Collaboration], arXiv:1405.0874 [astro-ph.GA]]
[Adam et al. [Planck Collaboration], arXiv:1409.5738 [astro-ph.CO]]



Motivation

- Various modified gravity theories have
recently been proposed to explain cosmic
acceleration.

Inflation - R? gravity

[Starobinsky, Phys. Lett. B 91, 99 (1980)]

Dark Energy problem —— f(R) gravity

[Capozziello, Carloni and Troisi, Recent Res. Dev. Astron. Astrophys. 1, 625 (2003)]
[Nojiri and Odintsov, Phys. Rev. D 68, 123512 (2003)]

[Carroll, Duvvuri, Trodden and Turner, Phys. Rev. D 70, 043528 (2004)]



Purpose

- We compare the nature of classical
expressions of modified gravity with
that with guantum corrections.

We Investigate a generalized model

whose Lagrangian is described by a
function of f(R, K, ¢).

R : Scalar curvature qb : Scalar field

K : Kinetic term of @



Purpose (2)

- We show that in the Jordan and Einstein

frames, f(R) gravity is equivalent in the
guatum level.

- We discuss the stability of the de Sitter
solutions and explore the influence of the
one-loop quantum correction on inflation
in R2 gravity with the qguantum correction.

Cf. [Cognola, Elizalde, Nojiri, Odintsov and Zerbini, JCAP 0502, 010 (2005)]



Model

Action | — ﬁ /d4gj\/ Gf(R, K, ) 2 = 81G
K
~ i TS T . Gravitatiotanl constant
—(1/2)§Vev,6  C
V, : Covariant derivative
* The tilde denotes the quantities ~ _
in the Einstein frame. /\ :Laplacian

Gravitational field equation

frRij— 31 Gij + (%‘A ) frt3fezVioVio=0
Equation of motion for gB

L | _Of
GV (fz 0V;0) = Th =35



Solutions for the equations of motion

» There IS a constant curvature solution:

3 R=R
 For ¢ = ¢ = constant,

1
— fRRij_éngijzoa fo =0
f() — f(Ra Ku Q5)
— > The set of background fields (constant

curvature, constant scalar field) is a
solution of the following equations:

RfR_QfOzoa fqﬁ:O

10
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[11. Quantum equivalence

- Modified gravity: Described In the Jordan frame

— f(R)gravity: Can also be described in
the Einstein frame

These are equivalent in the classical level.
[Maeda, Phys. Rev. D 39, 3159 (1989)]
[Fujii and Maeda, The Scalar-Tensor Theory of Gravitation (2003)]

i We show the on-shell quantum equivalence
of f(R) gravity.

[Buchbinder, Odintsov and Shapiro, Effective action in quantum gravity (1992)]

[Fradkin and Tseytlin, Nucl. Phys. B234, 472 (1984)]
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Quantum equivalence (2)

1
IJOl"d = 2—%2 / d4$\/ —( f(R) \Jordan frame

@ gi; = €%gi; > Conformal transformation
Ifins = / d*z/—g f(R : Einstein frame
FRE.o)=h- gg@'j D000 — V(o)
e’ = f'(R), R=®(e%), Pofl=1

V(o) = e ®(e”) —e 2 f(d(e7))  f=2



Quantum equivalence (3)
Jordan frame

Contribution of scalars to the effective action

or 1 1 fR
an—dshell — 5 In det [F (fRR (A() -+ 3> 3 )]

+classical and higher spin contributions

/\ ¢ : Laplacian acting on scalars

,u2 . Renormalization parameter

13
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Quantum equivalence (4)

Einstein frame

. 1
Conshel = 7 Indet

on—shell

°z (3R - v”(a))]

(4

+classical and higher spin contributions

7 Gi 5 ).

‘Jrclassical and higher spin contributions

1
= — Indet
2

By the redefinition of (1, this can become
equivalent to 1Jord

on—shell *



R? gravity

Jordan frame
M? : Mass parameter

RQ
f(R) — R | [Starobinsky, Phys. Lett. B 91, 99 (1980)]
VE
Jord 1 1 )
Lon—shen = 5 In det 2 (—Ao + M )

+classical and higher spin contributions

15
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R2gravity (2)

Einstein frame

5 T ~ 3 .. 3
f(R,K,a):R_5@@352.033.0_5]%2(1_6_0)2

(Cf. 0 = \/2/3¢/Mp )

2
(1) _V 4 M 3
= (55 ) e



R?gravity (3)

Jordan frame

M?*/R <« 1

L(R) =

N

1 R?
Z M?2
9 P R+6M2

R2

3847T2M1%

. During inflation

(Cl In EQ -+ CQ)
[

M2
+O(R)

Ci=0(1), (Cy~ 300

Conformal transformation

= — O .
gi; — € iy

M p :Reduced Planck mass

17



R?gravity (4)
Einstein frame

1 - 3 ..
Isins = = /d4a:\/— g (R — 5@”(‘92-083-0 — V(O‘))

, a+2b {1 + log |[e? — 1| — log MW\W (‘eﬂ_lﬁzvb)/%)]}

v ()

Vie)=(1—-¢"7)

W : Lambert function

1 & C
— 5 + 5 5 ) b= 5 5
6M2 ' 38472 M2 38412 M2

a




R?gravity (5)

Jordan frame

M?/R > 1 : Atthe end of inflation

R? M

1.
L(R) = =~M?|R _ In — — = O | R?1
) = M7 [ T 6ME T 3202002 (ﬂ 2 2)+ ( N

M* M?* 3
A(p) = In— — =
W) = {52 (n 12 2)

. Effective cosmological constant

19



RZ?gravity (6)
Einstein frame: R + Scalar field theory for ¢
@ : Inflaton field

2 2
Vip) = lMP% [3M2 (1 —e AZ?P) + 2A (1 \/_Mp]

2 2

V(¢) becomes the minimum at ¢ = ¢.. ¢/ Mp > 1:

R? Inflation

_ 3MpMZA(p)
j> Vio) = 3m5—|— AN (1)

L he
Contribution of t_ e . O((M/MP)Q)
guantum correction

20



V. Stability issue

The one-loop on-shell effective action

1 1 1 9
F(()n)—sheﬂ 5 In det |:E (CLQA 0 + alA 0+ @0):|
1 1 R 1 1
— 5 h’l det LL_Q (—A 1 — Z):| —+ 5 111 det {?

a = [rIR[fs+ foo(fr — Rfrr)]
ar = [R [fK(RfRR_fR)+fJ?z¢_qubqbeR}
az = 3fKkJRIRR

/A1 : Laplacian acting on transverse-traceless vectors

AQ . Laplacian acting on transverse-traceless tensors

(—A2+

R

6

)|

21



Stability issue (2)

Stability condition:

All of the eigen values for the operators
in are not negative.

on—shell

Minimum eigen values of Ay, A1, A :

—  The minimum eigen value of A is the
smallest one.

j> The first term of F&)_Sheu including A
Is related to the stability.

22



Stability issue (3)

f(R.K.0) = F(R) — 5 4" 0,606 = F(R) ~ K

M3/2 =1
Stability condition

0»1/0»2 :Non-negative value

— IR _p>g

Frr

23



Stability issue (4) 24

F(R.K.6) = R £ " 0100, — 5 m’6” + ERS?

m, f . Constant

= Background solution: R = m P = ii
T e T TE

— For § # —1/6,
Stability condition

2 1
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V. Conclusions

- We have studied a generalized model

whose Lagrangian is described by a
function of f(R, K, ¢) .

- We have shown the on-shell guantum
equivalence of f(R) gravity in the
Jordan and Einstein frames.

- We have examined the stability of the
de Sitter solutions and the one-loop
guantum correction to inflation in
quantum-corrected R? gravity.
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Planck satellite (2)

From [Ade et al. [Planck Collaboration], arXiv:1303.5082].

B Planck+WP-+BAO: ACDM + r
B Planck+WP+BAO: ACDM + r + (dns/dIn k)

0.94

0.96 0.98

1.00



0.00 0.03

—0.03

Planck satellite (3)

From [Ade et al. [Planck Collaboration], arXiv:1303.5082].

Bl Planck+WP+BAO: ACDM + dns/dIn k

B Planck+WP+BAO: ACDM + dns/dInk +r

S

0.945

0.960 0.975
ns

0.990



BICEP2 experiment (2)

[Ade et al. [BICEP2 Collaboration], Phys. Rev. Lett. 112, 241101 (2014) ]

0.4k Planck-+WP-+highL _

Planck-+WP-+highL+BICEP2

0.002

0.0
1.00




Inflation

GG, iR

ns =1—06e+2n 1r=16¢
M ~01Mp, pu~M

O = o(fy) ~T.756Mp o = \/2/36/Mp

ng ~ 0.968 U : 1st horizon
crossing time for
r = 0.0028 mode k




Inflation (2)

f( R) — R+« R?  [Starobinsky, Phys. Lett, B 91, 99 (1980)]
2
VW) =& (1- e V)

:804

~1_2 — L2
ng =~ 1 N> =1 U = \/éln(1+2aR)
- N=50 => ng=0.960 T
r = 0.00480
r = 0.00333

Cf. [Hinshaw et al., Astrophys. J. Suppl. 208, 19 (2013)]



Quantum Correction

r %VM% (R+ 61;;) +% In det [% (—%AO _ gﬂ
5 In det Liz (—Al — g)} In det Lj (—Ag — g 1+ M’Qﬂ
_% In det % (—A2 n iiﬁiﬁ\%j))]
VY — 3847

—  RZ



Stability i1ssue

247 1 1 1 1
Doneshell = GRéO 4 5 In det [E (—Ag+ Xl)] -+ 5 In det [P (—Ao+ Xg)]

1 1 R 1 1 R
| el _ = = [ _ -
5 ndet LLQ ( A4 4)] + 5 In det LLQ ( Ao+ 6)]

2

Xm:l(_ﬂi a_?_@)
a9 as a9

Condition to obtain two positive solution:

aq a1\  4a
a2 a9 a9



Quantizatin of the maximally

symmetric (de Sitter) space
Euclidean action

Ilg, ¢ = — 16G/d4$\/7fﬁké

R R

12 (gi?ngjs N gisgj?") y  Rij = —gij R = constant

Rijfrs — A

gij : Metric of the maximally symmetric space

Fluctuations around the constant curvature solution
Gy =gy thy. | <1

g7 =g =W + W+ O(R%), h= gk
Cd=0+ 0, o] <1

L .




Euclidean action

Around the background fields {gi;, ¢}, we expand

IE[Qﬁ]N—m/d%\/i f0+ﬁ1+ﬁ2]
fo=f(R, K, ) Quantum
correction

L1 = inH‘ch

X =2fy— RJfr



Euclidean action (2)
1 i ik 1 ij 1 ij 1 ij
Ly = —frhiViViW" + 2 frhig AW — — Rfphiih'! + = frhViV jh
+fRo0 ViV hY 4 % freViV jhIN, V0" — frRrRARV,V R — i RfrrhV;V ;h"
1 , 1 1 1 1 )
T Rfrh” — §fK90A%0 — ZthAh — frehAp + 1 RfrrhAh + 5 Joo®

4RfR¢h90+ 9 R frrh” + G (h* —2h;;h") + 5 Johy

On-shell Lagrangian density: X — 0, fs — 0



Expansion of h;;

. 1
h@j — h@'j + szj + V;f@ + V@VjO' + — g@'j(h — A()O')

4
O : Scalar component
S’i -\lector component
hij . Tensor component
V=0, Vihl =0, hi =0



Expression of L-

1
Lo = ﬁ o (QfRRAAAA — 3fRAAA +6frrRAAA

— fRRAA + frrR2AA — 3XAA — RXA) o

! ‘
t 35 h (9fRRAA — 3fRA+ 6frrRA — fR°R+ frrR* + X) A
+ 1_16 h (_9fRRAAA + 9/RAA — 6 fRAA — 6 frrRAA + fRRA — fRRRQA) o

1 1
+ - (_fKA + fdj(/)) Y + Z h (_BfRG,’DA + 2f<7') — fR(f)R) ¥

2

+ -0 (—|—3fR¢AA + fR@RA) ©

T

. 1 . .
+E& (4XA +4RX) & + ﬂhzj (6frA — frRR —3X) h"Y



agrangian

Gauge condition

1
Xk = Vil — —L vy
P : Real parameter
Gauge fixing
Lo =5 X Gij X

Gii =79 +B9i;A v, (3 : Constants



Lagrangian (2)
Ghost Lagrangian

[Buchbinder, Odintsov, Shapiro, Effective action in quantum gravity (1992)]

' ox" . (. :Ghost vector
Lyp = B Gikﬂcj e
2 B : Anti ghost vector
i 1 —
5_X = Gij A + Rij + P V@-Vj — 5h@3 — V@Ej + Vjér,;

Soel 2

—> Ly, =B (YH;; +BA Hy;) ¢V

R 1 —
Hii = gij (A + IO) + 5 ViV



Lagrangian (3)

Ro\~? 3 R
L, = %[gk (A1+—O> €k+§ph(Ao+?o> Ago

2 0 R 2
—%leoh—Eo (A(Hr?o) Ago

. Rop\? 3p R R
EA’ (Al"‘IO) Algk‘Fg[}? (A()—Fz) (A()—l—g) A()O’

B
2

2 _ ] Ry 2
—T—Gh (onLiiU) Agh—ga (AUer) (AUJr U) AQJ]

_|_

16 4 3
/\( : Laplacian acting on scalars
/A1 : Laplacian acting on transverse-traceless vectors

AQ . Laplacian acting on transverse-traceless tensors



Lagrangian (4)

; Ro\ - p—3
Egh —= ")/{B (A1+IO>CJ+Tb(AO_p
—|—,8{B£(Al-l—&)AlC?‘F%b(AD‘F%)(AO_
Cr, = Ok+vk0, Vkék:()
Bk — Bk+ka, VkBk:




Lagrangian (5)
Total Lagrangian: L=Ly+ Lyr+ Ly
70 = T (det Gyy) 712 / DIhi;|D[C4] D[ B"] exp( / d4a,\/_£>
= (det Gi;) "2 det J71 det gy
></D[h]D[ﬁij]D[gj]D[a]D[Ok]D[Bk]D[c]D | exp ( /d‘lx\/_E)

R R
hese, () )

;= cons L+ 2 I
det G;; = const det (Al -+ 5) det (AU—|— 1 + /)))

[Buchbinder, Odintsov and Shapiro, Effective action in quantum gravity (1992)]
[Fradkin and Tseytlin, Nucl. Phys. B234, 472 (1984)]



Effective action

'pzla B =0 :

24
[ =1Iglg, o] + T, Iglg.g] = 22

1 ,
) = 2 In det (b4Ag + bgAS + bgA% +b1Ap+ b(_)) — Indet (—AO — B)

2
1 R X R
+ 5 In det (Al — — — —) — Indet (Al — —)

4  2v 4
1 R X
— Indet | —A — 4+ —
—1—211(1(1:( 2—|—6-|—2fR)

br (k=0,---4) consistsof f(R, K, ) and its derivatives.



Effective action (2)

"X =0, fp, >0

1 1
F&)—sheu — 5 In det [F (GQA(Q) +a1A g+ ao)]
1 1 R 1 1 R
— — 1 — [ A — — — 1 — | —A —
y ndet |5 (-8 - 7) |+ g et [ (<82 +))

ar (k=20,1,2) consists of f(R, K, ¢) and its derivatives.

,u2 . Renormalized parameter



Effective action (3)

- p=1 =0, y=00:

1 1
i = 3 In det {E (C4A% +e3AD FeaAf iAo+ CO)]

1 1 R 1 R
—3 In det LL_Q (—Al — Z)] — Indet [E (—Ao — 5)]

+1 In det [i (—AQ_B‘F&)]
2 L4 -

¢ (k=0,---,4) consistsof f(R, K, ¢) and its derivatives.



Expression of coefficients

ao = [fr[Rfrg+ foo(fr — RfRR)]
a = fr|fx(Rfrr = fr)+ fro = 3foofrr)

as = 3fkfrRSRR
4f.2X 4 RX RX
b = o ypop Helroltd yp o g2y Jeoln
Y 8 Y
R*X X?
(')QRQX S
n / R¢ 4 qu,)z R3

Y



Expression of coefficients (2)

Ik /RRX fr frRRE*X

by = N — frfrR*+

fKXQ

+ fifrrR’

Afs°fr  4fs" frrR
Y Y

o 20f(/)fRd)R +

_|_

+ fkRX +

12 f4 fRoX 2fpp fRX

+ 12fq’)2 -

5 RX
_ 2opJRRIT TfoofrRrRR® — 2fssX +

v
. 2foRX 5foRRRX

b = —4fxfrR +

,
12f,2
_l_QfJ(X_ f(,D fFi'R

+ 4f(bq5fRR

2
5f Ro RX

+ T frrRR?

6 /o0 /RRX

—24fsfre +4AfpsfrR —

6fry°X
TR | 160 R

— 16 fpp/RRI +

+ 7f[z¢2R2



Expression of coefficients (3)

6/ [rRRX

bs = —4fxfr+ + 16 fx frRRR — 12fs5 frR + 12fRs°

by = 12fk[RR

co = R|fos(2Rfr—2fo — R*frr) + (2fs — Rfny)’]
i = fo(2fkR —4fss) +12f" = 20fofroR
+ R (—QfoRR + f fRRE® + 6 fspfr — TfosfrrRR + 7qub2R)
co = 4fofx —6fx fRR+ Tfrx frrR® — 24fsfre
+4fps (fr — 4frRR) + 16fry R
c3 = —4 (fK (fr — 4frrR) + 3fpefrR — 3f1?,¢2)
¢y = 12fk[frr



f(R)gravity

| 1 )
F(EJI-I)—SheH — 111 det |:—2 ( fRR ( 3) 4 f?)
_alndct LL_ ( Al—z)}—{—glﬂdet LL—z (_AQ_'_E)]
F(l) 1 1 1 A2 A\ R
Landan = 5 I1Ae |7 t (Frr(6AG+5RA = 2fa(Ao + R) + QfU)

1 L R ] -
-5 In det [“ (A1 — Z)] —3 In det LL (Ao _ E)

1 1 ,
+ — Indet [—2 (_AQ—E—I—&)
2 ”
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